Crystalline collimators can potentially considerably improve the cleaning performance of the presently used collimator systems using amorphous collimators. A crystal-based collimation scheme which relies on the channeling particle deflection in bent crystals has been proposed and extensively studied both theoretically and experimentally. However, since the efficiency of particle capture into the channeling regime does not exceed ninety percent, this collimation scheme partly suffers from the same leakage problems as the schemes using amorphous collimators. To improve further the cleaning efficiency of the crystal-based collimation system to meet the requirements of the FCC, we suggest here a double crystalbased collimation scheme, to which the second crystal is introduced to enhance the deflection of the particles escaping the capture to the channeling regime in its first crystal. The application of the effect of multiple volume reflection in one bent crystal and of the same in a sequence of crystals is simulated and compared for different crystal numbers and materials at the energy of 50 TeV. To enhance also the efficiency of use of the first crystal of the suggested double crystal-based scheme, we propose: the method of increase of the probability of particle capture into the channeling regime at the first crystal passage by means of fabrication of a crystal cut and the method of the amplification of nonchanneled particle deflection through the multiple volume reflection in one bent crystal, accompanying the particle channeling by a skew plane. We simulate both of these methods for the 50 TeV FCC energy.
I. INTRODUCTION
The collimation system is of key importance for stable operation of modern high energy storage rings and colliders, for instance for the LHC and the future HL-LHC project [1] [2] . Moreover, "the operation and physics goals of recent superconducting, high-energy hadron colliders, such as the Tevatron, the Relativistic Heavy-Ion Collider (RHIC), and the Large Hadron Collider (LHC), could not be fulfilled without adequate beam collimation" [3] . The small-angle scattering in collimators is used to induce a steady betatron amplitude growth resulting in particle collisions with the target collimators (absorbers) before they reach the apertures of superconducting magnets. Thick amorphous collimators are used at the LHC, RHIC and SPS at present. The efficiency of any collimation scheme is limited by the leakage to sensitive equipment. Since the uncorrelated Coulomb scattering in the amorphous collimators is characterized by the small average scattering angles, the leakage of the collimation schemes with amorphous collimators is determined by both the multiple particle passages through the latter and the small impact parameters of particle collisions with the target collimators (absorbers).
Crystal collimators can be used to decrease the leakage of the present collimation systems [3] [4] . The point is that a bent crystal can deflect channeling particles by the angles large enough to hit target collimators immediately and with a large impact parameter. Such a collimator scheme, using planar channeling in bent crystals, proposed in [5] , has been widely explored in experiments [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
However, this collimation approach also suffers from the leakage. The latter is mainly induced by more than ten percent of the particles inevitably escaping the capture to the channeling regime at their first passage through the crystal collimator. As with the amorphous collimators, many of these particles reach target collimators by means of volume reflection [16] or Coulomb scattering only after a number of passages through the crystal collimator having small impact parameters. That is why further possibilities to improve the efficiency of the crystal assisted collimation system still remains.
Therefore, we suggest a new double crystal-based collimation system, as shown in Fig. 1 . This layout represents the FCC betatron cleaning insertion with betafunctions and absorber transverse positions (12.6σ) taken from [17] . In the trajectories simulated only betatron oscillations have been taken into account, while the synchrotron ones have been neglected because of too low values of the dispersion functions.
The bent crystal 1 is placed at 7.2σ, i.e. at the transverse position of primary collimators [17] , deflecting most of the particles into the absorber in the channeling mode. The second crystal, placed at ∼9σ, plays role of the secondary collimator intercepting particles, volume reflected in the crystal 1, and deflecting them into the absorber.
The collimation system proposed demonstrates the following advantages. 1) The impact parameters of particles at the absorbers are large enough to prevent the leakage at the absorber boundary. 2) Close to 100% of halo particles will be intercepted by only one passage through the betatron cleaning insertion.
We propose different coherent effects, being promising for this application in both bent crystals. In particular, for the second crystal we suggest the several-fold increase of the typical angle of scattering and volume reflection in the crystal collimator by the effect of multiple volume reflection in one bent crystal (MVROC) [18] [19] . A good alternative to MVROC can be volume reflection in a sequence of crystals [20] . The main advantage of both effects is large angular acceptance to deflect coherently almost all the particles passing through the crystal and large enough deflection angle to deflect the particles into the absorber by few or even only one crystal passage. It is necessary to underline that both of effects have been already observed in experiments in concordance with theory [20] [21] [22] [23] .
To amplify the deflection angle even more, we propose to use the advantages of both of these effects by using of MVROC in a sequence of crystals. Moreover we study MVROC in crystals of different materials: silicon, germanium and tungsten. We optimize the parameters of the crystal as well as its alignment for each effect both theoretically and by means of Monte Carlo simulations on example of 50 TeV protons of Future Circular Collider (FCC) [24] [25] [26] [27] . We compare these effects by the peak deflection angle.
The second approach is the application of planar channeling in skew crystal planes [28] instead of the vertical ones. Its main advantage is deflection of nonchanneled particles by means of MVROC instead of volume reflection considerably amplifying the deflection angle. The angular acceptance and, consequently, the channeling efficiency also increases. In addition, we suggest to considerably increase the channeling efficiency by application of the crystal cut [29, 30] .
Combination of these two approaches can lead to the further collimation optimization. Each of suggested coherent effects has a potential to considerably increase the efficiency of the crystal-based collimation system.
II. VOLUME REFLECTION IN A SEQUENCE OF BENT CRYSTALS
Volume reflection at optimal conditions provides a deflection angle α of approximately α ≈ 1.5θ L [31] , where θ L ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2U 0 =pv p is the critical channeling angle (Lindhard angle) [32] , U 0 is the height of interplanar potential well, p is the momentum of a particle and v is its velocity. More exact calculations of the ratio of the volume reflection angle to the Lindhard angle θ L0 (for straight crystal) can be provided by a formula from [31] and rewritten, taking into account the critical radius R cr ¼ pv=E 0 , where E 0 is the maximal strength of interplanar electric field:
Here η is the ratio of the bending radius R to its critical value R cr , UðxÞ is the interplanar potential function of a [17] , taking into account only betatron oscillations. The crystal 1, crystal 2 and the absorbers are placed at 7.2σ, 9σ and 12.6σ respectively. The particles, passed through the crystal 2, are assumed to be deflected by -5 μrad for solid lines and 0 μrad for the dashed ones. Bold curves illustrate the trajectories of non-deflected particle, of channeled particles and particles deflected by 1 and 3 μrad, being the typical angles of particle deflection by volume reflection (VR) and multiple volume reflection in one bent crystal (MVROC) respectively.
straight crystal on transverse coordinate x, E 0 η x represents centrifugal fraction of interplanar potential, ϵ is the transverse energy, x 0 is the initial coordinate of particle motion, and x c is the volume reflection point (see Fig. 2 ). The dependence on transverse energy can be reduced by its averaging on over-barrier values, the distribution of which can be approximately considered as uniform [31] :
where d 0 is the interplanar distance. For the simplicity we will use this formula only for equidistant crystal planes in this paper, but it can be simply generalized on nonequidistant case. It should be noted that multiple scatterings have not been considered yet, because our goal is to estimate optimal parameters for Monte Carlo simulations. Thus, the obtained formulas (1)- (2) depend only on interplanar potential and bending radius. They are very useful, because they do not depend on particle energy and therefore, can be verified with experiments already done as well as can be applied at the FCC energy.
A plot representing the dependence by Eqs. (1)- (2) for (110) planes is shown in Fig. 3 .
Indeed, the maximal deflection angle of 1.53θ L0 is reached at the bending radius
However, in reality R ¼ l cr =φ is limited by the bending angle φ, to be at least several higher than θ L and the crystal length l cr , always limited by experimental reasons. These constraints are especially important for considering of volume reflections in a of bent crystals sequence (see Fig. 4 ). All of the crystals in a sequence as well as their orientation are considered to be the same. Therefore, the sum of deflection angles at each crystal from Eq. (2) should be less than the bending angle. Moreover, to avoid the capture into the channeling mode, the angle of alignment of any crystal in a sequence should be at least on 1.5θ L0 less than the current beam direction. This can be transformed into the condition:
where n is a number of bent crystals in a sequence, volume reflection angle is fixed with respect to the interplanar potential. We fix also the total length of the sequence L seq , because, for instance, for the crystal-based collimation it is optimized taking into account constraints on inelastic nuclear scattering rate [33] . It allows one to calculate the bending angle as:
transforming the condition (4) into:
and expressing η, one can find an optimal bending radius as a function of n. Unfortunately, Eq. (6) is not linear, but one can simply solve it numerically. We applied this equation to calculate the optimal parameters of a sequence of silicon crystals for different length values: 2.5 cm, 5 cm, 7.5 cm and 10 cm and for different number of crystals. These parameters were used for Monte Carlo simulations with application of the The results confirmed the existence of the optimal number of crystals depending on the sequence length. If the number of crystals is too low, the deflection angle is also low. However, for too high crystal number the peak deflection angle decreases, and the divergence of the deflected beam becomes too wide. This is mainly explained by a sharp decrease of deflection angle for small R (see Fig. 3 ) and by increase of over-barrier transverse energy range [see Eq. (2) and Fig. 2 ], spreading deflection angles stronger.
Both the peak deflection angle and the optimal number of crystals increases with the rise of L seq . At L seq ¼ 10 cm the peak deflection angle achieves 12 μrad for 14 crystals in a sequence. However, depending on the experimental set up one can reduce the number of the crystals to decrease the spread of deflected beam.
III. MULTIPLE VOLUME REFLECTION IN ONE BENT CRYSTAL AND IN A SEQUENCE OF BENT CRYSTALS
The idea of multiple volume reflection in one bent crystal is volume reflections from skew crystal planes as shown in Fig. 6 . While in vertical direction these reflections almost compensate each other in horizontal one they will be summarized. For h111i silicon crystal axes MVROC deflection angle for protons is 5 times higher than the volume reflection one [18] [19] , which was confirmed experimentally [21] [22] [23] .
The optimal conditions of MVROC are mainly defined by horizontal θ x and vertical θ y angles of crystal alignment and bending angle φ and crystal length l cr .
The first condition is that both angles of crystal alignment should be at least 3-4 times higher on module than the axial critical angle [32] (θ y ≈ 4θ Lax ≈ 8 μrad at 50 TeV). The second condition establishes the crystal orientation for the beam to be volume reflected by the strongest skew plane ((110) for h111i axes). The inclination angle of the plane should exceed the angle of the plane of particles incidence to the crystal: α inc > arctanðθ y =θ x Þ for a plane to reflect particles [18] [19] . For h111i axes it will be transformed into condition:
in which the sign > is changed to < because angles of crystal alignment are negative. To avoid capture into the channeling mode θ x should be smaller at least on 1-1.5 θ Lax . For our case we have chosen θ x ¼ −17.5 μrad and θ y ¼ −8 μrad.
The third condition determines the bending angle for the beam to be reflected by all main crystal planes. By the vertical symmetry of the crystal lattice this angle should be twice larger on the module than the horizontal incidence angle:
giving in our case φ ¼ 35 μrad.
The optimal length of the crystal can be obtained from the condition of optimal R for single volume reflection (3). However, it is limited by experimental conditions, and therefore should be as high as possible.
For the amplification of the deflection angle we propose to apply MVROC in a sequence of crystals similarly to the technique from the previous section. In a such setup it is very important to avoid capture in the channeling mode by skew crystal planes. Thereby, the condition (7) should be fulfilled for all the crystals in the sequence. Therefore, the angle of crystal alignment with respect to deflected beam by all the crystals except the last one θ xf should also fulfill this condition:
The difference between θ xf and θ x is equal to the deflection angle by all the crystals except the last one θ xf − θ x ¼ ðn − 1Þα MVROC . The angle of deflection by means of MVROC α MVROC can be estimated as 5 angles of single volume reflection [18, 19, 21] , calculated above by Eqs. (1)- (2), giving:
The angle θ x can be defined by the condition (8). However, it is different for any crystal because of deflections. We suggest to use the average value of the crystal alignment for the first and the last crystal in a sequence The alignment and geometry of crystals are calculated according to (7)- (12) .
Expressing φ from Eq. (5), θ x from Eq. (11) and substituting it into (10), one obtains an equation for the variable η for MVROC analogically to Eq. (6):
The angles θ xf and θ y are calculated by the same way as for the case of a single crystal. However, we lowed them a bit: θ xf ¼ −14 μrad and θ y ¼ −7 μrad to decrease the bending angle and to increase the deflection angle.
Analogical simulations to that, shown in Fig. 5 , were conducted for MVROC both in a single crystal and in a sequence of silicon crystals with application of CRYSTAL simulation code [34] [35] with the statistics of 200 000 particles. The results are presented in Fig. 7 . The initial parameters were optimized according to (7)- (12) .
One can conclude that the optimal number of crystals varies from 2 to 3-4 for the sequence length from 2.5 cm to 10 cm. This is considerably less than the number of the crystals for single volume reflection case. However, MVROC in a sequence of crystals provides considerably higher deflection angle than single volume reflection, 16.5 μrad and 12 μrad respectively for L seq ¼ 10 cm. The comparison of these cases and the case of MVROC only in one crystal (the peak angle is 8.3 μrad) is shown in Fig. 8 .
In this figure simulations of MVROC in crystals of other materials are also presented, in particular in germanium and tungsten crystals. The atomic strings in crystals of heavy elements possess higher field deflecting particles on higher angles. However, the length of such crystals should be reduced in comparison with silicon to reach the same probability of nuclear inelastic interactions. Anyway they provide larger deflection angles with respect to silicon crystals. In particular, the peak deflection angle for 50 TeV protons reaches 23 μrad for tungsten crystal. It 1.4 times exceeds the angle of MVROC in a sequence of Si crystals and twice exceeds the deflection angle of volume reflection in a sequence. Moreover, potentially the technique MVROC in a sequence can be applied also for tungsten crystals which can double the deflection angle. All of this can be applied for the crystal-based collimation system, because the deflection angles for almost all the particles exceed 3-5 μrad. It is enough for particle deflection by the crystal 2 into the absorber with high impact parameters a shown in Fig. 1 .
IV. CHANNELING IN SKEW CRYSTAL PLANES AND A CRYSTAL WITH A CUT
There is a possibility to combine the advantages of channeling and MVROC [28] . For this we suggest to align the crystal for channeling in skew crystal planes instead to avoid it as in the previous section. In this case the inequality (7) become equality, changing the optimal crystal orientation only in x-plane. However, the (110) skew plane with a α inc ¼ 30°is not very useful because provides too high angle in vertical plane and too low in the horizontal one. To double the latter we propose to rotate the crystal lattice on 30°as shown in Fig. 9 . The condition (7) will be rewritten as:
To reach the same deflection angle as for channeling in vertical planes, one should bend the crystal stronger 1=sin 2 α inc times. However, the channeling efficiency will not decrease. Moreover, channeling in skew crystal planes provides higher angular acceptance increasing the channeling efficiency. This is confirmed by our simulations (with CRYSTAL simulation code [34] [35] with a statistics of 10 6 particles, presented in Fig. 10 . The efficiency of channeling in skew crystal planes reaches 80.5%, while for vertical planes it is 79%. However, the main advantage of channeling in skew crystal planes is deflection of nonchanneled particles by means of MVROC instead of volume reflection. MVROC deflects particles at the angle of 3.3 μrad which is 5 times stronger than volume reflection. This is very important for the crystal-based collimation system, because small deflection angle causes more additional passages of particles through the crystal and, consequently, increases the inelastic nuclear scattering rate. In opposite, the angles of MVROC are high enough to redirect almost all nonchanneled particles onto the crystal 2 as shown in Fig. 1 .
There is a possibility to increase the channeling efficiency in both cases by means of a narrow plane cut [29] [30] see Fig. 11 . The idea of this technique is determined by similarity of phases in the channeling mode at the crystal entrance. Therefore, one can focus synphasely particles in the cut to the center of the channel. Unfortunately, it works efficiently only for the beam angular divergence less than a quarter of the θ L0 and requires a very exact crystal alignment of the same order. Anyway, in our case (see Fig. 10 ) it allows one to increase the channeling efficiency up to 87.5% for usual planar channeling and up to 89% for channeling in skew planes.
V. BETATRON CLEANING INSERTION
The main function of the collimation system as well as of coherent effects proposed is to intercept as many particles as possible during only one passage through betatron cleaning insertion. Therefore, a considerable decrease of non-intercepted particles fraction with respect to the standard (single) crystal-based collimation scheme will testify an advantage of the new collimation scheme.
In order to verify this approach we used the crystal-based collimation scheme described in Fig. 1 . For simulations four variants of the collimation scheme were chosen: (1) single collimation scheme with the first crystal, bent along (110) vertical planes, and with an absorber at 12.6σ instead of the second crystal; (2) the same with the first crystal with a cut; (3) double crystal-based collimation scheme with the first crystal, aligned for channeling along (110) skew crystal planes, formed by h111i axes, and the second one, designed for the MVROC effect; (4) the combination of (2) and (3). The parameters of the first crystal are the same as in simulations, presented in Fig. 10 , i.e., a 5 cm silicon crystal, with the bending angle of 40 μrad for vertical and 53.3 μrad for skew (110) crystal planes, ideally aligned for the channeling mode. The second crystal is the same as used in simulations, shown in Fig. 8 , namely a 10 cm silicon crystal, with the bending angle of 35 μrad.
The beam distribution at the first crystal entrance, generated using the diffusion model [36] , is shown in Fig. 12 . The angular divergence, being approximately 0.04 μrad, is considerably lower than the Lindhard angle. The Future Circular Collider parameters [17, [24] [25] [26] [27] 37] were used for all our simulations. The simulations were carried out by CRYSTAL simulation code [34] [35] with a statistics of 10 6 particles in each case, taking into account both betatron and synchrotron oscillations. The absorbers are assumed to intercept all the incident particles. The beam phase space was generated at the longitudinal positions of the first absorber/second crystal and the second absorber for all the variants of collimation schemes, as shown in Figs. 13-14 . In the latter, one can also easily distinguish the coherent effects deflecting the particles. In order to demonstrate the amount of particles, intercepted by the absorber, all phase spaces were normalized to the total number of particles, passed through the cleaning insertion N tot .
The crystal with the cut, providing considerably higher channeling efficiency, demonstrates considerable reduction of particles, nonintercepted by the betatron cleaning insertion, namely from 9.6% (without the cut) down to 0.5% (with the cut). One can easily observe this result from the scale in the right column of Fig. 13 decreased on an order of magnitude for the crystal with the cut.
The double crystal-based collimation scheme also demonstrates a considerable decrease of nonintercepted beam fraction, namely down to 1.3% (see Fig. 14) . Moreover, since the deflection angle of nonchanneled particles becomes considerably higher in the first crystal due to the MVROC effect, channeling in skew planes also enhances the efficiency of the single crystal-based collimation scheme. Additionally, the application of the cut in the first crystal of the double collimation system reduces the nonintercepted fraction on one more order of magnitude, down to 0.1%.
Moreover, the impact parameters of particle incidence to absorbers are high enough to prevent particle leakage at the absorber boundaries. Therefore, the absorber length can be chosen high enough to intercept all the particles. For instance, for 1m long tungsten absorber the leakage, caused by nonabsorbtion, is ∼4 × 10 −5 , being ∼2 × 10
for 2m of tungsten, calculated using nuclear interaction length [33] . FIG. 13 . Beam phase space, normalized to the total number of particles, passed through the cleaning insertion, at the position of the first (left) and the second (right) absorber for single crystal-based collimation system. The Si crystal the same as in Fig. 10 , aligned for planar channeling in (110) vertical crystal planes without cut (top) and with cut (bottom). The crystal and the absorbers are placed at 7.2 and 12.6σ, respectively. Therefore, the double crystal-based collimation scheme as well as coherent effects proposed allow one to intercept approximately 99% of particles by only one passage through the betatron cleaning insertion. The application of the crystal cut in the double crystal-based collimation scheme increases this number up to 99.9%.
VI. CONCLUSIONS
The double crystal-based collimation system, combined with the layout of the betatron cleaning insertion of the Future Circular Collider [17] , has been suggested, based on application of the second bent crystal to amplify the deflection angle of nonchanneled particles and to reduce, therefore, the leakage to sensitive equipment. The effects of multiple volume reflection in one bent crystal, volume reflection in a crystal sequence as well as MVROC in a crystal sequence have been proposed for the second crystal.
A theoretical model of optimization of crystal geometry and alignment has been proposed. It is mainly based on estimation of the dependence of the ratio of the volume reflection angle to the Lindhard angle on the ratio of the bending radius to its critical value, being independent on particle energy. By this model we have optimized the parameters of a bent crystal sequence for both volume reflection and MVROC at a fixed crystal number and length of the sequence. Monte Carlo simulations conducted for various lengths and crystal numbers has allowed us to choose the optimal crystal number for each length as well as to compare the peak deflection angle of volume reflection and MVROC.
FIG. 14. Beam phase space, normalized to the total number of particles, passed through the cleaning insertion, at the position of the first (left) and the second (right) absorber for double crystal-based collimation system. The first Si crystal the same as in Fig. 10 , aligned for planar channeling in skew (110) crystal planes, formed by h111i axes, without the cut (top) and with the cut (bottom). The second Si crystal is the same as in Fig. 8 , aligned for MVROC. The first and second crystal are placed at 7.2 and 9σ, respectively, as well as the absorbers are placed at 12.6σ.
Volume reflection in a silicon crystal sequence provides higher deflection angle than MVROC (12 μrad and 8.3 μrad at 10 cm of the length). However, MVROC in a silicon crystal sequence increases this angle up to 16 μrad. Additionally, it requires 3-4 crystals, while for volume reflection 13 crystals in a sequence are necessary at the given length. However, MVROC in heavy crystals allows one to reach deflection angles even higher, in particular 23 μrad for the tungsten crystal.
For the first crystal in the double crystal-based collimation system channeling in skew planes have been suggested. On the one hand it five times increases the deflection angle of nonchanneled particles by means of application of MVROC instead of volume reflection. On the other hand it increases the angular acceptance and, therefore, the channeling efficiency, in particular from 79% up to 80.5% in the case simulated. In addition, the application of a crystal cut has been suggested allowing one to increase the channeling efficiency from 79% and 80.5% up to 87.5% and 89%.
The double crystal-based collimation system as well as all the effects of particle deflection by a bent crystal listed above allow one to intercept approximately 99% of particles by only one passage through the betatron cleaning insertion at the FCC. The application of the crystal cut increases the intercepted fraction up to 99.9%. Moreover, high impact parameters of particle incidence to absorbers prevent leakage at the absorber boundaries. This allows one to choose long enough absorbers for almost 100% absorbtion. Therefore the collimation schemes proposed are potentially applicable at high-energy accelerators and colliders, in particular the Future Circular Collider.
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